
CATATROPHE THEORY: THE FIRST1ECD 
It is now just 10 years since the French 

mathematician Rene Thom began relating 
geometry to biology by means of a new 
method he felicitously termed 
"catastrophe theory." Several hundred 
research papers have appeared since then, 
some providing refined mathematical 
analyses of the geometry of the various 
catastrophes, and others offering tentative 
applications in fields such as political 
science, economics, biology, physics. 
The theory has been hailed by some as 
comparable only to Newton's Principia, 
and deprecated by others as merely a 
routine extension of standard techniques, 
devoid of special significance. 

Catastrophe theory is a device for ex- 
plaining how discontinuities can arise as 
the result of continuously changing 
causes. The collapse of a bridge or the 
buckling of a beam; the sudden firing of 
a nerve cell or the differentiation of tissue 
in an embryo; the sudden loss of self- 
control, or the eruption of a nervous dis- 
order; the collapse of a stock market or 
the eruption of riot: all are examples of 
discrete, discontinuous change resulting 
from gradually evolving environmental 
factors. Thom's theory, vastly enriched by 
empirical and theoretical studies of E. 
Christopher Zeeman of the University of 
Warwick, has provided models that "ex- 
plain" these and related phenomena (SN: 
9/14/74, p. 166). 

Models employing catastrophe theory 
frequently begin, as do most mathematical 
models, with a system of equations whose 
solutions provide families of smooth paths 
(called trajectories) that determine, at least 
in principle, the nature of the system at 
any time in the future. In smoothly vary- 
ing phenomena the trajectories will vary 
smoothly: A small change in the original 
equations, caused perhaps by changing 
conditions of the environment or by ex- 
perimental error, will produce only a 
small change in the trajectory. But in 
discontinuous phenomena, a slight change 
in the initial conditions can produce an 
enormous change in the qualitative nature 
of the trajectory: What formerly remained 
stable might now explode; what formerly 
cycled in repeated patterns might now 
become extinct. 

When this happens in nature, the corre- 
sponding mathematical models develop a 
divergence (or discontinuity) which tradi- 
tional methods can handle, if at all, only 
by ad hoc methods. Indeed, the failure 
of standard mathematical models is so 
complete that in some cases (for example, 
in the roll of dice or in the development 
of an embryo) fully determinate structures 
yield essentially indeterminate results. 
Catastrophe theory helps explain how the 

slightest alteration in the initial state o1 
a system can often have totally unpredict- 
able consequences. It is an important step 
says Zeeman, in making the inexacl 
sciences exact. 

The roots of catastrophe theory pene- 
trate deeply into the geometric structure 
of abstract space: geometry governs the 
possible ways in which solution trajec- 
tories may behave. About 10 years ago, 
Thom showed that the general types ol 
stable solutions that exhibit discontinuities 
are strictly limited in number. If a 
system is governed by four or fewer para- 
meters (for example, the four dimensions 
of space-time) then there are only sever 
possibilities. These seven so-called ele- 
mentary catastrophes serve as paradigms 
for the stable ways in which continuous 
causes occurring in space-time can pro- 
duce discontinuous consequences. 

Zeeman's example of a catastrophe 
model for aggression in dogs is a good 
example of the interaction between theory 
and fact, between model and reality. Zee- 
man's work is motivated by psychologist 
Konrad Lorenz's study of fear and rage 
in dogs. Experimenters can control the 
dog's behavior by varying certain stimuli 
that induce, respectively, rage or fear. 
When they do this, they discover that 
curious things happen. 

When both rage and fear are at rather 
high levels the dogs often switch from 
rage to fear (or vice versa) suddenly and 
without warning, and are hardly ever ob- 
served in a neutral attitude. Moreover, the 
moment at which attack or flight occurs 
seems not to be uniquely determined by 
the values of the fear and rage variables. 
The same values will produce different 
results in a manner that appears, at least 
superficially, to be rather arbitrary. 

Zeeman uses the cusp catastrophe-the 
only nontrivial one of the seven elemen- 
tary types that can be fully represented by 
a drawing on a piece of paper-to provide 
a model for the behavior of the dogs. It 
does a pretty good job. By proper reading 
of the model you can see why the sudden 
reversals in behavior occur, and you can 
see why there is such a qualitative dif- 
ference between behavior at high levels 
of excitement and at lower levels. You 
can even predict (and confirm experi- 

mentally) a divergence effect that occurs 
when both fear and rage are increased 
simultaneously. Sometimes the trajectory 
will move to the top (aggression) sheet 
of the catastrophe surface, and sometimes 
it will move to the lower (flight) sheet; 
subsequent behavior will depend enor- 
mously on which of these trajectories was 
followed, but the experiri4enter will not 
know (nor can he predict) which it was. 

Finally, we can see from the 
catastrophe surface the bimodal charac- 
teristic of the aggression experiments: 
Excited animals are far more likely to be 
either very frightened or very angry than 
to be passively neutral. (Zeemanr has an 
apt anthropomorphic extrapolation of this 
observation: you can't expect rational 
[i.e., neutral] behavior from angry people 
until their level of anger has subsided.) 

The Zeeman analysis is very tidy but, 
at first glance, it may appear to be a bit 
ingenuous. It does not explain where the 
cusp surface came from; surely a fertile 
imagination could invent some other sur- 
face that would also explain the same 
observed facts. Nor does it explain why 
the animal behaves as it does; surely no 
one believes that its mind contains a cusp 
surface which controls behavior. 

A serious mathematical model for a 
scientific phenomenon must be more than 
a close analogy; it must be a repre- 
sentation of reality that codes in the ab- 
straction of language the connection be- 
tween first principles and observed behav- 
ior. Advocates of catastrophe theory claim 
that Thom's theorem (on the seven ele- 
mentary catastrophes) lifts the Zeeman 
aggression analysis, for instance, from 
analogy to model. The cusp catastrophe 
is, they claim, not just a visual repre- 
sentation of observed behavior, but a 
symbolic representation of the mecha- 
nisms that control that behavior. 

Stimuli are translated into behavior by 
electromagnetic wave activity in the brain. 
The dog's brain is, for all practical pur- 
poses, a black box which converts certain 
gradually changing electrical input signals 
into output (motor command) signals that 
occasionally exhibit abrupt discontinuity. 
We do not know-now nor can we ever 
expect to know-the exact equations that 
govern the transformation of incoming to 
outgoing electrical impulses of the brain. 
What catastrophe theory does is to de- 
scribe in a general way how it is possible 
for continuous signals to be transformed 
into discontinuous ones. 

The electrical activity in the brain (be- 
cause it is determined by electromagnetic 
waves) exhibits certain regions known as 
attractors which determine mood and be- 
havior, in much the same way as a mag- 
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netic field will influence the direction of 
iron filings. As the experimenter excites 
the dog (in order, for instance, to increase 
its rage) the external stimuli to the brain 
will change. The electromagnetic field in 
the brain changes in response to these 
impinging electrical signals, and as it 
changes both the strength and location of 
the attractors will change. This changing 
field, called the dynamic, controls the 
behavior of the animal. 

As an attractor moves or strengthens, 
the dog's attitude changes. It becomes 
progressively more angry or more fright- 
ened. If an attractor diminishes and ulti- 
mately disappears, then the attitude of the 
animal will move rather suddenly-under 
the influence of electromagnetic forces in 
its brain-to some new attractor, much as 
a marble on a rubber sheet will roll down 
to the bottom of a nearby hole on its 
trajectory if the depression it was resting 
in suddenly disappears. The animal's be- 
havior will, in these circumstances, rap- 
idly shift to an entirely different pos- 
ture-as when it suddenly attacks even 
while crouched in fear. 

The attractors of the dynamic occur at 
those points where the energy function 
that controls electrochemical processes of 
the brain is at a minimum, and these 
minima are recognized (in calculus) by the 
presence of a zero derivative. So the pos- 
sible stable attitudes of the brain are those 
that correspond to zero derivatives of the 
potential function. This is precisely what 
the cusp surface in Zeeman's model rep- 
resents-points where the potential energy 
function has a zero derivative. 

The mechanism that connects the con- 
trol variables (the levels of rage and fear 
set by the experimenters) to the dog's 
behavior is the changing nature and inten- 
sity of attractors in the brain; each point 
on the cusp surface, because it represents 

a zero of a potential energy function, 
represents a possible attractor. Over some 
parts of the control plane there is only one 
attractor, while over other parts (inside the 
cusp) there are two. The transition from 
one to two attractors (or vice versa) 
sometimes produces a catastrophic change 
in the animal's behavior. It doesn't always 
do this, however; the occurrence of the 
catastrophic jump depends on which at- 
tractor is controlling the behavior at the 
moment the transition occurs. The cusp 
catastrophe therefore explains the sudden 
changes in the dog's behavior as a fully 
predictable consequence of what the 
mathematician calls the singularities of the 
catastrophe map, that is, of the abrupt 
changes in the nature of the surface repre- 
senting the attractors of the brain. 

Thom's fundamental theorem provides 
seven elementary ways in which such sin- 
gularities can develop if the system is 
governed by not more than four para- 
meters. And, more important, Thom 
showed that there are no other possibilities 
that are sufficiently stable to be observed. 
So even without knowing exact details of 
the potential function, or of the equations 
involved in the electrochemical dynamics 
of the brain, we can be reasonably certain 
that the mechanism that controls the dog's 
behavior in the aggression experiments is 
one of these seven basic forms. Of the 
seven, the one that fits the details best- 
with, for instance, two control variables 
and one behavior variable-is the cusp 
catastrophe. 

Applications of catastrophe theory 
range from rigorous models to speculative 
suggestions. The most conservative appli- 
cations are those that describe physical 
situations (for example, the buckling of 
a beam, or the behavior of various 
".,.catastrophe machines") in which the 
governing mechanisms are sufficiently 

well understood to ensure that the behav- 
ior is determined by an appropriate dy- 
namic. It is not uncomon in these situa- 
tions to be able to write out (and perhaps 
even solve) the equations that determine 
the system's behavior. Whether or not this 
is actually possible, the physical connec- 
tion between cause and consequence con- 
forms exactly to the hypotheses of the 
theory which is being applied. 

Biological applications, especially to 
cell growth and embryology, form another 
major area of application. This is the 
original area to which Thom applied his 
theory. He was concerned more with the 
changing form of things, morphogenesis, 
than with the calculation of mechanical or 
physical catastrophes. The logical basis 
for biological models is similar to that for 
psychological models: It is the presump- 
tion of an ultimate electrochemical mech- 
anism that determines cell or organism 
behavior. The connection between theory 
and application in this area is much more 
tenuous than in physical applications be- 
cause no one fully understands the bio- 
logical mechanisms that control cell 
growth (or, even more, of thought). 

A third area of applications, including 
those "soft" applications mentioned most 
frequently in popular accounts of 
catastrophe theory, comprises behavioral 
and social phenomena in which the 
catastrophe model explains the behavior 
but not the mechanism of behavior. Ex- 
amples such as the collapse of the stock 
market may (or may not) fit the pattern 
of one of the elementary catastrophes. But 
whether they do or not, their behavior is 
certainly not controlled by the type of 
dynamic for which Thom's theorem was 
designed. If soft catastrophe models are 
useful, it is because they have suggestive 
power that, in the right context, can "ex- 
plain" complex events. 

A fourth level of application, domi- 
nated largely by the fertile writings of 
Rene Thom himself, is what might best 
be termed speculative and suggestive. In 
his exciting but enigmatic book Structural 
Stability and Morphogenesis Thom uses 
catastrophe theory as a rich allegory for 
issues as wide ranging as the structure of 
society, the development of language and 
the nature of human activity. The under- 
lying motivation of this imaginative tour 
de force is that succession of form is 
central to all scientific inquiry. The history 
of the universe is "a ceaseless creation, 
evolution and destruction of form, and the 
purpose of science is to foresee this 
change of form and, if possible, to explain 
it. '' 

Geometry is the natural idiom for the 
study of form. While to Zeeman and many 
of his colleagues catastrophe theory is an 
important new device in the tool kit of 
the applied mathematician, to Thom it is 
an example of a new paradigm for impos- 
ing intellectual order on the universe. 

Geometry, argues Thom, is uniquely 
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. . . Catastrophe 
suited to the contemporary challenge of 
providing abstract models for biological 
and behavioral phenomena. That part of 
geometry to which catastrophe theory be- 
longs, called topology, provided mecha- 
nisms for inferring global and long-range 
properties from local, short-range struc- 
ture. It is a synthetic enterprise that capi- 
talizes on intuition and perception as much 
as on deduction and inference. The geo- 
metric nature of catastrophe theory is 
worth a thousand abstract symbols to 
those who build models rather than prove 
theorems. 

Not everyone who has worked with 
catastrophe theory, however, thinks that 
it has lived up to its claims. Hector J. 
Sussman of Rutgers University observes, 
for instance, that Thom's theorem is a 
description of all possible ways in which 
discontinuities can arise in equilibrium 
surfaces rather than an assertion of certain 
specific ways in which they must occur 
in special situations. Thus, he argues, 
catastrophe models cannot be empirically 
verified. Conclusions drawn from 
catastrophe theory models are, Sussman 
claims, frequently wrong and if not 
wrong, then tautological. (A research 
news article on criticisms of catastrophe 
theory by Sussman and others is appearing 
in the April 15 SCIENCE.) 

Amazingly, Sussman's views are not 
too different from those of Thom: "'Many 
people, eager to find for catastrophe 
theory an experimental confirmation, may 
embark into precarious quantitative mo- 
deling where explicit observable interpre- 
tations are given. . . . Needless to say, 
many (if not all) of these interpretations 
will break down." Whereas Zeeman and 
his colleagues have stressed the need for 
empirical verification, much of Thom's 
work borders on speculation, being sug- 
gestive rather than precise, informal rather 
than rigorous. Speculation is, according 
to Thom, "the virtual catastrophe in 
which knowledge is initiated." 

Catastrophe theory is one of the most 
controversial elements in the contem- 
porary world of higher mathematics. As 
a mathematical theory, it is above re- 
proach. It is powerful, elegant and deep. 
Moreover, it provides interesting and use- 
ful models for the scientist to explore in 
his attempts at understanding nature. It 
does not, however, predict how nature 
must behave in the same way that, for 
instance, Newton's laws stipulate the 
orbits of the planets. ""In no case," argues 
Thom, "has mathematics any right to 
dictate anything to reality." The most 
catastrophe theory seems capable of doing 
at this time is to tell the scientists what 
forms ("4empirical morphologies") he has 
a right to expect. Cl 
Readers interested in an up-to-date bibliogrphy 
on catastrophe theory and its applications can 
obtain one by writing to Dr. Lynn Steen, Depart- 
ment of Mathematics. St. Olaf College, 
Northfield, Minn. 55057. 
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